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Abstract

We study the general online 2-server problem and improve upon the current best
competitive ratio of 100,000. Our goal for this paper is two-fold: (1) to clarify the points
of the paper that introduced the 100,000-competitive algorithm, and (2) to present a
variation of that algorithm, ONLINE2, that achieves a competitive ratio of less than
33,000.

1 Introduction

In the k-server problem, we are given servers sy, ..., Sy moving in a metric space M. Requests
r; arrive one by one, and in order to serve a request we must move one of the k servers to the
point r;. Our goal is to minimize the total cost, i.e., the total distance moved by all servers
over all requests. We measure the performance of an algorithm through competitive analysis.

The problem was introduced by Manasse, McGeoch, and Sleator [3], who proved a lower
bound of k£ on the competitive ratio for any deterministic algorithm for any metric space and
conjectured that a k-competitive algorithm exists. They proved that one exists for £ = 2, but
for other k the current best upper bound is 2k — 1 [1].

Consider the following variant of the k-server problem: each of the k£ servers s; moves in its
own metric space M;. A request is a k-tuple r = (z1,...,2;) € My X ... X M. In order to
serve r, we must move one of the servers s; to the corresponding point z; € M;. Our goal is
still to minimize the total distance moved by all of the servers. This problem is known as the
general 2-server problem. The k-server problem is a special case of this where z; = ... = z
for all requests and M; = ... = M,.

A special case of the general 2-server problem, where both space M; and M, are lines, has
become known as the CNN problem [2]: if a camera crew in Manhattan taking pictures of
various places, it need not move to the specific request points since it can get a clear shot
looking down the street or avenue it is currently on. Koutsoupias and Taylor proved a lower



bound of 6+ /17 on the competitive ratio of any deterministic algorithm for this problem, by
reducing a special case of the CNN problem to an instance of the weighted 2-server problem
on a line [2]. Sitters, et. al [4] gave an algorithm that achieves an upper bound of 100,000 on
its competitive ratio.

The problem can be solved offline (i.e., if all requests are known beforehand) with a simple
dynamic programming algorithm. In this paper, we propose a variant of the algorithm in [4]
and prove that it is 33,000-competitive.

This paper is structured as follows: in Section 2, we give a sketch of the algorithm and
the general idea; in Section 3 we formalize some properties of the problem; in the following
sections, we give the full technical description of the algorithm and an analysis.

2 The Big Picture

We define a tour to be a directed path through M; x M,. We denote the length of a tour T’
by |T'| and say that T serves 71, ...,r, if there is a sequence of points on 7" that serves all of
the requests, in that order.

The algorithm works in phases, and the only information retained from one phase to the next
is the locations of the servers at the end of the phase (which will be the locations of the servers
at the beginning of the next phase). The general idea behind the competitive algorithm is
that during each phase, our goal is to either:

e move at a cost comparable to the optimal tour serving the requests for that phase, or

e be much closer to the optimal tour by the end of the phase than we were at the beginning
of it.

We begin the algorithm with a simple greedy strategy. Clearly, this algorithm by itself is not
competitive: an adversary can force the one of the servers to alternate between two requests,
while the optimal tour remains stationary and satisfies them all at zero cost. Because of this,
as we are applying the greedy strategy, we stop at each step to think of what the optimal tour
would do with the requests given so far.

If our greedy strategy is not much worse than the optimal tour, then we are on the way to
achieving the first goal listed above, and we continue with a greedy algorithm. If, however,
we notice that we made some bad decisions (i.e., there exists another tour that serves the
requests seen so far at a greatly decreased cost), we will tend to move the servers to that
position. If there is more than one such tour, we move the servers to the position of one of
them and apply the strategy COMPETE (described in Section 4.3) until all of the short tours
are relatively close together (we call such tours neighbors; we discuss this property in Section
3). Once this happens, we move our servers towards that position.



3 Basic Properties of the Problem

Throughout this paper, we use the notation (Z;, 7;) to denote the positions of our servers after
serving the ith request (we let (2o, vo) be the starting positions of the servers). We denote
these two servers the z-server and the y-server. We define the distance §((x1,y1), (z2,y2)) =
dy (71, 22) + dy(y1,y2) (this is the “Manhattan” distance in the CNN problem). Additionally,
we define a “greedy” distance function g((z1,v1), (z2,92)) = min{d,(x1, x2),dy(y1,y2)}. This
is the minimum distance we need to move to serve request 2 starting from position 1, or vice
versa.

Given the starting positions of the servers (7, 9p) and a request sequence 71, ..., 7, let X;; as
the length of the tour that only uses the z-server to serve requests i through j (1 <i < j <n),
and let X(; to be the length of the tour that uses only the z-server and starts from z,. We
define Yj; in a similar manner.

We now formalize the notion of “closeness” of tours mentioned in Section 2 and prove some
properties of “close” tours. We will say that two tours Ty and Tz are neighbors if there exist
points x € M, and y € M, so that both x and y are on Ty and Tg. It is important to note
that the particular point (x,y) need not be on either of the tours — each tour just needs to
touch x with its x-server and y with its y-server at some point in the tour, but not necessarily
simultaneously.

The following lemmas show important properties of neighboring tours. Lemma 1 implies the
important property that there are at most two tours that are far apart (i.e., not neighbors) if
we are considering short tours. Lemma 2 bounds the distance between points on neighboring
tours, in terms of the lengths of the tours.

Lemma 1. If the tours Ty, Ty, and T serve the same sequence of requests r,...,r, and no
pair out of these three tours are neighbors, then |Tx| + |Tg| + |Tc| > min{ Xy, Yi,}.

Proof. Assume without loss of generality that the z-server of T4 shares no request with the
x-server of T or T (i.e., there is no x € M; such that z is on T4 as well as one of T and
Tc). If the y-server of Ty serves all requests, then |T4| > Y3, so the lemma holds. So assume
request r; is served by the z-server of T4. This means that the ith request must be served by
the y-servers of T's and T, Since T and T are not neighbors, their z-servers cannot share
this request. Thus, the no z-servers share any request. As a result, each request is served by
at least two y-servers. It follows that for any two consecutive requests, the y-server on one
of the tours serves both of them. Thus, we have that the total length of all three tours is at
least Y7,,. O

Corollary 1. For any three tours T, Ty, and Te serving the same sequence of n requests, if
|Ta| + |Ts| + |Te| < min{Xin, Yin}, then at least two of the tours must be neighbors.



Lemma 2. Let (z4,ya) be a point on Ty and (xp,yp) be a point on Tg. If Ty and Ty are
neighbors, then §((xa,y4), (vp,yn)) < [Tal + [Tp|.

Proof. Since the tours are neighbors, let x and y be on both T4 and Tz. Then we use the
definition of § and the triangle inequality:

6((za,94), (zp,yp)) = d(za,25) + d(ya + yp)

d(za,r) +d(z,28) + d(ya,y) + d(y,ys)

= [d(za, %) + d(ya,y)] + [d(z, zp) + d(y, y5)]
|T4| + |Tg|

IN

IN

O

Corollary 2. For any two tours Ty and Tg, if |Ta| + |Ts| < 0((za,y4), (5,ys)) for some
point on Ty and Ty, then Ty and Tg are not neighbors.

4 Building Blocks

There are a number of subroutines used by ONLINE2. As discussed in Section 2, we apply
different strategies and choose one carefully depending on the situation. After we receive a
new request, ONLINE2 calculates the optimal offline path for all requests up to the new one
and decide whether we should continue as planned or switch to something else.

As already noted, ONLINE2 runs in phases. We keep track of the distance moved by the
servers over the entire phase. Let S} and S;-’ be the total costs made by the x- and y-servers,
respectively, after serving request r;, and let S; = S} + S;-’.

4.1 Algorithm GREEDY

The greedy strategy is simple, and blind to all previous requests. Given a starting position
(%0, Yo) and a request r = (x,, y,.), we move the z-server if d(Zy, ) < d(¥o, y») and the y-server
otherwise.

Lemma 3. 511 < 25; + g((Zo, Yo), (z;,y;)) for all j > 1
Proof. Without loss of generality, assume we moved the z-server to serve the request. By

definition of GREEDY, we have SjJrl = Sj + d(fj,.TjJrl) < Sj + ij + d(fo,.TjJrl) < 25] +
d(Zo, vj11) = 255 + g((Zo, Yo), (5, y;))- [



4.2 Algorithm BALANCE

This algorithm is used as a subroutine to COMPETE (described in Section 4.3). It is, in a
sense, similar to GREEDY, except that each time we get a request, we move the server that
will have moved the least over all requests. As the name suggests, it tries to keep S} and Sj‘y
close to one another. Formally, BALANCE is defined as follows:

Given a new request 71, if ST+ d(7;, z;,1) < S +d(3;,y;41), serve the request
with the z-server. Otherwise, serve it with the y-server.

We can upper bound the cost of BALANCE in terms of the request sequence:

Lemma 4. S; < 2max{57,S}} < 2min{X;, Yo;}.

Proof. Suppose the ith request is the last one that was served by the z-server (i < j). By
definition of BALANCE, we have S = S7 < .SV | + d(g;—1,y:) < Yo < Yp;. Clearly, we also
have ST < Xoj, so S§ < min{Xoj, Yp;}. Similarly, we can show Sjy < min{ Xy, Yp;}. Thus, by
definition of Sj, we have S; < 2max{S7, S}} < 2min{Xo;, Yo;}. O

We can also upper bound the cost in terms of the total cost up to the previous step:

Lemma 5. Sj+1 S 35] + min{d(ﬁ:o, xj+1)7 d(il)o, ijrl)}'

Proof. Without loss of generality, assume that d(Zo,x;11) < d(Yo,yj+1). By definition of
BALANCE, we have:

Sj1 < S5 +min{S} + d(&, v541), 57 + d(5,yj+1)}
< S;+ 87 +d(Zj,v541)
< S5+ 87+ (87 +d(%0,7541))
<3S5; +d(Zo,xj41)

4.3 Algorithm COMPETE

The COMPETE strategy is invoked when we notice that there are alternative tours that are
much shorter than the one we have made up to now. We know from Lemma 1 that there are
at most two that are not neighbors. ONLINE2 will move the servers to the position of one
of the short tours; the goal of COMPETE is to remain competitive with the sum of the short
tours that are not neighboring.

COMPETE works in phases. It depends on a parameter, (z*,y*) (which ONLINE2 assigns to
be the positions of the servers of one of the short tours). We denote the starting positions of



the servers at the start of COMPETE to be (Z,7). As before, we let (Z;,9;) be the positions
of the servers after serving the jth request of the current phase, and define 57, S;-’, and S; be
the total cost of the current phase up to the jth request.

We define A = $max{d(Zo,2*),d(Jo,y*)}. In our description of the algorithm, we assume
without loss of generality that d(Zo,z*) > d(go,y*), so that A = 3d(&o, z*). Changing = with
y in the following description gives the behavior if d(go, y*) > d(&o, x*). Below, we describe a
single phase of COMPETE(x*, y*).

1. Run BALANCE, but stop when we receive a request r; where d(z, z;) > A.
2. Serve r; using GREEDY.

3. If the z-server has not moved during this phase, and j > 1, then move the z
server towards x;_; by an amount S} ;.

Consider two tours, T} and Ty, where T} starts at the same place we do (z, ) and T, starts at
(z*,y*). We will show in the next lemma that if 7} and 75 are relatively short, then COMPETE
is competitive with the sum of T} and T5.

Lemma 6. If |T1| 4+ |Ts| < A, then the cost of the tour made by COMPETE is |T'| < 10(|T1| +
| T2]).

Proof. First, we note that it is possible for COMPETE to terminate (i.e., the request se-
quence finishes) before we finish step 1. For purposes of analysis, suppose that (z™),y®)
and (2, y(2)) are the ending positions of T} and 715, respectively. If we add an extra request
(.T(Q), y™M) at the end of the sequence, T} and T both serve it at no extra cost. By the triangle
inequality, we have d(#,7®) > d(z,2*) — d(z*,2®) = 2A — d(x*,2®) > 2A — |Ty|. Since
we assumed that |T1| + [Ty < A, we obtain 2A — |T3| > A. Thus, because d(#,2?) > A,
the condition in step 1 is met and the last request is served in step 2. Hence, we will assume
through this proof that the phase does not terminate abruptly in step 1.

Consider an arbitrary phase in the algorithm with n requests. The servers are at (Zo, go) at
the beginning of the phase ((Zo, Jo) = (&,¢) for the first phase). Define C¥ and CY to be the
costs of the z- and y-servers, respectively, in this phase, and let C; = C§ 4+ C{. We similarly
define C%, CY, and Cy, and let C = C; + Cy. We denote the positions of T}’s servers after
serving the jth request in this phase by (z,;).

Before proving the lemma, we also discuss another useful property of the servers. Observe that
rn, must be served by the y-server of 77, since otherwise, we would have |T1| > d(z, x,) > A,
which contradicts our original assumption.

We also observe that T’s y-server serves the last request as well. Since r,, is the last request,
it is served in step 2 with GREEDY. We show this by contradiction: if it were served by
the z-server, then by definition of GREEDY we have d(y,y,) > d(z,z,) > A. Since |T}| >
min{d(g, y,), d(Z, z,)}, we would get |T;| > A, which contradicts our original assumption.



Now we consider T5. Suppose that the x-server of Th serves some request r; where 1 < i < n—1.
Then we have |Ty| > d(x*, z;) > d(x*,%) — d(Z, z;) by the triangle inequality. This quantity is
equal to 2A — d(Z, z;). Since we assumed ¢ < n — 1, the condition under which to stop using
BALANCE in step 1 was not yet satisfied, so d(z,x;) < A. Thus, we have |T| > 2A — A = A,
which is a contradiction. Therefore, T5 uses its y-server to serve all requests r; through r,_;.

For the following analysis, we define the potential at the start of the phase to be ¥ = 3d(%o, ).
Thus, we have that AW for a phase is 3d(Z,,z.) — 3d(Z¢, x}). If we can prove that S <
10C — AV, then if we sum S over all phases we get |T'| < 10(|Ty| + |Ts|) — 3d(Zn, z}), where
N is the last request in the last phase.

There are three cases describing the behavior of COMPETE:

e (Case 1. The y-server of T1 serves only ro and r,,, and the x-server of T serves no request
in this phase. In this case, we have C{ = d(yo, y,) clearly. We also know that S* = SY_,
by step 3 of COMPETE. The potential increases by AW < 3(CY — S¥), since the z-server
of T only makes one move (during step 3) and it is towards x}. So the total cost is

S=S5+5
< S+ S0+ d(Yn-1,9n)
< Sy + Sy 1+ Sy +dYo, yn))
= Sy + 281 + d(Yo, yn)
= 35, + d(Yo, Yn)
< 3CT — AV + d(yo, yn)
<307~ CY — AT
<3C — AV.

o Case 2. The y-server of T serves only ro and r,, and the x-server of T" serves some
request r; with 1 < j < n — 1. Again, we have CY = d(yo,y,). We can bound the
increase in potential as follows: consider the first request served by T’s z-server. At
this point, the potential difference is 0, since T} also served that request. In the worst
case, T’s x-server stops serving requests and T} moves farther away. Additionally, in
the worst case, this particular request was r;. Thus, the increase in potential is upper
bounded by AW < 3(CY — d(&g,x1)). We know that S¥ < d(Zg, 1) + CT in this case,
since T uses its z-server for requests r; through r,_1.

Suppose that the last request served by T’s y-server was r;. Then we have that S | =
Sly < S;T_l + d(xi_l,xi) < Xoi < Xog,_1 by definition of BALANCE. Since Xg,_1 <
d(zo, 1) + Cf, we conclude that SY | < d(Zo,z1) + C¥. Thus, we have

S =57+ Sy
< S+ 28y +d(yo, yn)
< 60T — AV + d(yo, yn)
< 6C — AV.



o Case 3. The y-server of Ty serves some request 1 with 1 < k < n — 1. Clearly,
CY > d(yo, yx) + d(yx, yn). Since Ty uses its y-server to serve all requests except 7, we
have CY > d(y1,yx) + d(Yk, Yn—1). So we have d(yo, yx) + d(yk, yn) + C¥ = d(yo, yx) +
A(Yrs Yn) +d(y1, y) + (Y, Yyn-1) > d(yo, Y1) +d(Yn—1, yn) by the triangle inequality. Thus,
SY < d(yo, 1) + C3 + d(Yn-1,yn) < C{ +2C4.

Now we consider S¥. We know that S¥ = S | since the last request is served by 1"s
y-server. Using Lemma 4, we have S¥ ;| < max{S* |, SY ;} < Yp,_1 < d(yo,vy1) + CY.
The potential difference is upper bounded by AW < 3(CY 4 S%). So, we get

S =S5" 4 S¥ =457 4 §¥ — 357
< 5CY + 10CY + 3CF — AT
< 10C — AU,

We sum over all phases to obtain |T'| < 10C' = 10(|71| + |7z|). This proves the result. O

5 A Competitive Algorithm

Our competitive algorithm, ONLINE2, works in phases. It begins by applying GREEDY while
keeping track of alternative short tours. If it finds two non-neighboring short tours, then we
move the servers to one of them and apply COMPETE. Otherwise, if there is only one short
tour or all of the short tours are neighbors, we end the phase.

At any point during the algorithm, we end the phase immediately if we receive a request that
requires a very large move in comparison to previous moves. That request becomes the first
request in the next phase. We call this the exception rule.

In the description of the algorithm below and the following analysis, we consider an arbitrary
phase of ONLINE2. We denote v as the positions of the servers at the end of this phase and
v_1 to be the positions at the beginning of this phase (which were the positions at the end
of the previous phase). The requests in this phase are rq,...,7,. We use S; to denote the
cost of serving the requests r; through r; in the GREEDY step (step 1) of the ONLINE2. Let
Zj be the cost of COMPETE alone up to the jth request. We also let A; be the total cost of
ONLINE2 up to the jth request.

For the rest of the proof, we rely on two constants. We let n = 1/100, and R = 0.35. While
these choices are somewhat arbitrary, we describe in Section 5.1 a number of constraints on
these two values; tuning these parameters may affect the competitive ratio slightly.

Exception rule: If we ever receive a request r; with j > 2 for which g(v_y,7;) >
2A,_4, move back to v_; and terminate the phase (i.e., r; is the first request in
the next phase).

1. Apply GREEDY. After we serve a request 7;, try to find a tour 74 such that
T4l < nS; and 6(v_1,v4) < RS;. If such a tour is found, return to v_; and



continue to the next step; otherwise, continue applying GREEDY. We will
denote that last request served in this step by 74, .

2. Try to find two tours 7Tp and Ty that serve ry,...,rg,, and satisfy
max{|Tg|, |Tc|} < nSk,—1 and 0(vp,ve) > 161Sk,—1. If we cannot find such
tours, set ko = k; and go on to the next step. Assume without loss of

generality that d(vg,v_1) < d(ve,v_1). Move the servers to vp and apply
COMPETE(v¢). Z; is the total distance moved by COMPETE in this phase so
far. We stop using COMPETE when Z; > Si,_1, and then move the servers
back to v_;. We will denote the last request served in this step by COMPETE
as Tk, .

3. Let Tp be the optimal tour that serves ry,...,rg,. If |Tp| < nSk,—1, then
we move the servers from v_; towards vp by a distance RSy, and end the
phase. We point out that it does not matter how we move this distance: we
can move just one of the servers, or both the z- and y-servers by that total
distance.

5.1 Competitive Analysis

There are two types of phases of ONLINE2. We denote the phases where the exception rule is
invoked to be type I. All other phases are type II. Observe that the last phase, which we call
the Nth phase, is of type II, since any phase of type I leaves an unserved request and is thus
followed by at least one more phase.

With the following two lemmas, we bound the cost of phases of type II. We consider an
arbitrary type II phase with n requests. To simplify notation, we let S be Si,_; (only the
GREEDY steps contribute to this cost). We let | P| be the cost of the tour for the entire phase.

Lemma 7. If (1 — 2n) > R, then for any phase of type I, we have min{ Xy, iy, } > 3(5 —
R—n)S.

Proof. We assume without loss of generality that Xy, < Yix,. Consider requests r; through ry,
and the cost Sy,. By definition of GREEDY, we know that Sy, < 2min{Xog,, Yor, }. The tour
T4 cannot only serve y-requests, because in that case we have §(v_1,v4) > d(Jo,y1) — |Ta| =
Yor, = Yie, — |Tal = You, —2|Ta| > (5 —2n)Sk, > RSy,. However, this is a contradiction, since
by definition of Ty we made d(v_1,v4) < RSy,.

Assume that r; was the last request served by the z-server of T4. Then we have RSy, >
0(v_1,v4) = d(2o,2;) = [Ta] = Xow, — 2X1x, — |Ta| = (3 = 1) Sk — 2X1s,. Solving for Xy,
we obtain Xy, > 2(3 — R—1)Sk, > 3(3 — R—1n)S. O
We emphasize that in order to prove this, we relied on the assumption that (% —2n) > R.
This is satisfied by our choice of n and R. If this were not satisfied, then it might be possible
for T4 to serve only y-requests, making the proof of Lemma 7 invalid.

Next, we bound the cost of the entire phase in terms of S.



Lemma 8. If 6n < (5 — 2n), then for any phase of type II, |P| < (52 + 33R + 40n)S.

1
2
Proof. By Lemma 3, we have Sy, < 25 + g((Zo, 90), (Tk,, Yx,))- Since this is a phase of type
II, we assume the exception rule was not invoked, i.e., g(v_1,ry,) < 24;_; = 25. Thus, we
have Sy, <25 + 25 = 4S5. Note that after serving rj,, we move back to v_;. Thus, the total
cost of step 1 is at most 25, < 8S.

The cost of step 3 is at most RS, by definition of ONLINE2. Thus, if COMPETE was not
applied in step 2, the total cost for this phase is given by |P| < (8 + R)S, which proves the
result for this case.

Assume COMPETE was applied in step 2. We move to vg, so we will first bound this cost.
By definition of ONLINE2, we know that |Ts|+ |T¢| < 2nS. By Corollary 2 and the fact that
d(vp,vc) > 16nS, we can conclude that T and T are not neighbors.

Additionally, we have |Ta|+ |Ts|+|Tc| < 1Sk, +1S+nS < 4nS+nS+nS =6nS < (3—21)S.
We can now apply Lemma 6: |T4|+|T5|+|Tc| < min{Xiy,, Yk, }. By Corollary 1, some pair
out of these three tours must be neighbors. Since we already know that T and Ty are not
neighbors, it follows that T4 is neighbors Ty or T¢.

Suppose T4 neighbors Ts. By the triangle inequality, d(v_1,vg) < d(v_1,v4) + 0(va,vB).
Using Lemma 2, this quantity is at most d(v_1,va) + |Ta| + |Ts|. Similarly, if T4 neighbors
Te, then 0(v_1,ve) < 8(v_1,v4) + |Ta| + |Tc|. In step 2, we assumed §(v_y,vp) < d(v_1,vc),
so we define an upper bound, BS of §(v_1,vp) as follows:

d(v_1,vp) < 8(v_1,v4) + |Ta| + min{|Tx|, |Tc|}
< RSk, + 1Sk, +nS
< (4R +51m)S
= BS

We now bound the cost Zj, of COMPETE. To do this, we first bound Ag,_1, the total cost
of ONLINEZ2 for this phase except for the last request. Since COMPETE terminates when Z;
exceeds S (j = ki), we sum the costs of step 1, the cost of moving from v_; to vp, and the
COMPETE steps to get Ay, 1 <85+ BS+S=(9+ B)S.

We distinguish two cases for the final request 7y, served by COMPETE. First, we suppose that
the last request was served by the BALANCE step in a phase of COMPETE. Let the starting
position of that particular COMPETE phase (not to be confused with the starting position of
the ONLINE2 phase v_1) be the point (x,y). Applying Lemma 5, we define an upper bound

10



CS on Zy,:

Zy, <3S+ min{d(z, zr,), d(y, yr,) }
<3S+ 0((z,y), (%o, Yo) + min{d(Zo, zx,), d(Jo, Yr) }
<35+ 6((2,y), (Zrys Ur,)) + (ks G ), (Z0, 90)) + min{d(Zo, zk, ), (Yo, Yr,) }
<3S+ BS + S+ min{d(Zo, 1, ), d(Jo, Yr,) }
<35+ BS+S+2(B+9)S
=08

We used the triangle inequality for the third expression, and the exception rule with Ay, 4
for the fifth expression.

The other case is when 7y, is served in the GREEDY step of COMPETE. By definition of
GREEDY, the cost of serving that request is Zg,—1 + ¢((Zr,» Uk, )s (Tks» Yry)). The next step of
COMPETE, also by definition, is at most Zj, ;. Summing over all of the COMPETE steps,

ZkQ < 3Zk271 + g((*%kla le)a (ka ykz))
S 35 + 5((*%%1 ) glﬁ)a (j;(b QO)) + min{d(‘%(ﬁ xk2)7 d(g()? yk2)}
<CS

We can now bound the total cost of a type II phase. Step 1 costs 8S and step 3 costs RS.
In step 2, we move from v_jtovg, then move a distance Zj,, then move back to v_;. The
cost of this is 2(BS + C'S). So our final expression for |P| is 85 + 2(BS + CS) + RS =
(52 + 33R + 40n)S. O

For the parameters R = 0.35 and 1 = 1/100, this cost is given by 63.95. Note that this choice
of R and 71 do indeed satisfy the condition of this lemma.

In the following lemma, we denote the optimal tour in this phase as P*. We emphasize that
the starting position of P* is not necessarily v_;; P* is simply the section of the globally
optimal tour that serves the same requests as we do in a particular phase. We let v*; and v*
denote the starting and ending positions of P*, respectively, for this phase. Also, we introduce
a potential function ® = c36(v,v*) and define the potential at the end of the last phase to be
zero. The potential at the beginning of a phase is given by ®_;, and the potential at the end
of it is @, which is is the same as the potential at the start of the next phase. We will specify
the value of ¢y later in the proof.

Lemma 9. If 1/10 > 4n, then for each phase of type II, 2|P| < 32410|P*| — ® + & _;.

Proof. For now, we let ¢; and ¢y be tunable parameters. Define F' = ¢1|P*| + co(d(v_1,v* ;) —
d(v,v*)) = 1| P*| — Ad. If we can prove that F' > 2|P| for suitable values of ¢; and ¢y, the
lemma follows. We distinguish three cases, and specify constraints on ¢; and ¢y along the way.

e Case 1. |P*| > nS. Then we have d(v_y,v*,) — d(v,v*) > —d0(v,v_1) — 0(v*,v*;) >
—RS — |P*|. We use this to obtain F' > ¢1|P*| — co( RS + |P*|) = (¢1 — ¢2)| P*| — o RS >
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(c1 — e2)nS — o RS. If this quantity is greater than 2(52 4+ 33R + 40n)S, then it follows
from Lemma 8 that F' > 2|P|.

Constraint 1. (¢; — c2)n — 2R > 2(52 + 33R + 40n)

Case 2. |P*| < nS and COMPETE was not applied. Since we only incurred a cost in
steps 1 and 3 of ONLINE2 in this case, we have |P| < (8 + R)S. By definition of step
1 of ONLINEZ2, if there is a tour of length less than 1S, when we receive request ry, 1,
then the distance from v_; to that tour’s endpoint must be greater than RS, because
otherwise we would have made that tour our 74 and terminated step 1 earlier. Hence,
d(v_1,vp) > RS. Because we did not use COMPETE, no two short tours are more than
a distance 16nS apart. In particular, §(vp,v*) < 16nS. By the triangle inequality, we
have 0(v_y,v*) > 0(v_1,vp) — 0(vp,v*) > §(v_1,vp) — 16nS.

By the definition of step 3 of ONLINE2 and the fact that we did not use COMPETE,
the only difference between v_; and v is that v is a distance RS closer to vp, i.e.,
d(v_1,vp) — RS = 6(v,vp). Thus,

5(0.0%) < 50, vp) + 8(vp,0")
=0(v_1,vp) — RS + §(vp,v")

We can now bound the potential difference. By the triangle inequality,

6(U—17 Uil) - 5(U7U*) > 5(U—I7U*) - 5(U7U*) - 6(Ui17v*)
> [0(v_1,vp) — 16nS] — [6(v_1,vp) — RS + d(vp,v*)] — | P*|
= —-32nS + RS — | P7|

So the inequality we need to satisfy is F' > ¢1|P*|4+c2(—32nS+RS—|P*|) = (c1—c2) | P*|+
c2(RS —32nS). If we require ¢; > ¢y, then we require F' > co( RS —32n5) > 2(8 + R)S.

Constraint 2. ¢; > cy.

Constraint 3. co(R —32n) > 2(8 + R).

Case 3. |P*| < nS and COMPETE was applied. Define T to be a tour of minimum
length serving 7y, 41,...,7%, and starting at vg. We define T, in a similar manner,
starting from ve. We use Lemma 6, where T corresponds to T and T¢, corresponds to
T». In this case, A = L max{d(zp, zc), d(ys, yc)} > 3(6(vp,vc)/2) > 4nS by definition
of COMPETE and ONLINE2. Thus, by Lemma 6, |T%| + |T/5| > min{A, S/10} > 4nS.
For this inequality, we used the lemma’s assumption that 1/10 > 4.

We now define TB and TC as arbitrary tours that serve ry,...,rg, and neighbor 75 and
T¢, respectively. Since T and Ty are neighbors, there is some point x € M; and some
point y € M, that both tours go to. So we can construct an extension of Ts which serves
Tki41,---, Tk, (since Ty by itself only serves rq,...,ry,) by moving the servers to (x,y)
and serving the remaining requests the same way as T does. By optimality of T}; as an
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extension to T, we obtain |Th| < |T| + |Ts|. We similarly obtain |T4| < |Te| + |Te.
Putting these together, we have

T3] + |Te| > |Tp| +|Te| = |Ty| = |Te|
>4nS —nS —nS
=2nS.

Consider an arbitrary tour T that serves rq,...,ry, with |T| <nS. Then |Tg| + |Tc| +
|T| < 3nS. Since we assume Lemma 8 holds for our choice of 1, 3nS < 6nS <
min{ X1y, , Y1x,} by Lemma 7. Hence, by Corollary 1, some pair of those tours are
neighbors. Since T and T are not neighbors (by Corollary 2), 7' must be neighboring
either T or Te. It follows that any such tour, (in particular, P* and Tp) neighbors Tg
or any such tour neighbors T¢.

Since Tp and P* neighbor the same tour, we can bound the distance between the
endpoints vp and v*. By the triangle inequality and Lemma 2, §(vp,v*) < |Tp| +
max{|Tg|, |Tc|} + |P*| < 2nS + |P*|. Finally, we can bound the change in potential:
d(v_1,v") —d(v,v") > d(v_q1,v") = d(v,v") — 6 (v*y,v")
> (§(v_1, vp) — (v vp)) — 28(vp, v") — | P*]
> RS —2(2nS + |P*|) — | P7|

So our constraint is F' > ¢1|P*| + co( RS — 4nS — 3| P*| = (¢; — 3¢2) | P*| + c2(RS — 41)S).
If we assume ¢; > 3c¢g, then F' > co(R — 4n)S. Again, we want F' > 2|P|.
Constraint 4. ¢; > 3cs.
Constraint 5. co(R — 4n) > 2(52 + 33R + 40n).
Our expression for F' indicates that ¢; will turn out to be the competitive ratio of ONLINE2.
Observe that all of the constraints we put on ¢; and ¢, are linear. As a result, we can put the

constraints into an LP solver and minimize the value of ¢;. Using the values R = 0.35 and
n = 1/100, we get values ¢; = 32410 and ¢, = 545. O

With this lemma, we can easily prove competitiveness.

Theorem 1. ONLINE2 s 324 10-competitive.

Proof. Consider a phase j of type I. By the exception rule, any phase of type I is followed by
another phase in which the total cost is at least twice the cost of that type I phase. Since the
last phase is type II, the cost over all phases of type I is at most % + i + -+ =1 times the
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cost of all type II phases. Thus,

S P <2) Py

jelull JeIr
<) 32410(Pf| — @ + ;4
jeIr
< ) 32410|P| - @5+ @,
jelull

= ) 32410/

jel1ull

To obtain the third inequality, we used the fact that a type I phase has the servers end the phase
in the same position as it started, and thus the only change in potential is from the movement
of the optimal servers. The contribution to the sum is given by 32410|P;| — ®; + ®;_; >
32410 — 545|P;| > 0. O
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